DISCRETE MATHEMATICS: COMBINATORICS AND GRAPH THEORY

Practice Exam 1 Solution

Instructions. Solve any 5 questions. Write neatly and show your work to receive full credit. Note that
this is a sample exam and while it bears some similarity with the real exam, the two are not isomorphic.

1. Prove the following by induction. State base case, inductive hypothesis and inductive step explicitly.

a) Y, 2 = S oi—on
i=1 )
1=

Base case whenn=1:21"1=1=21 -1 =1.
Inductive hypothesis: Assume 2?21 2i=1 = 92k _ 1 true for some k.

Inductive step:

k+1

k

Z2i—1: (Z2i—1) Jok+1-1

i=1

(b) S i(2) = 2+ (n — 1)2m+L
=1

=1
N —
2k—1 by the IH
=k _ 149k

:2k+1_1 0

Base case whenn =1:1(21) =2=2+ (1 -1)2!*!1 = 2.
k .
Inductive hypothesis: Assume > i(27) = 2 + (k — 1)2¥*! true for some k.

1

i
Inductive step:

i(2%) +(k+1)(28 )

=1
——
2+(k—1)2k+1 by the IH

k

=2 [(k-1)+ (k+1)]+2
= (212K + 2
=2+ kx2M2 O

(c) Ji(i)=(mn+1)!-1
i=1
Base case whenn =1:1(1!) =

=(1+1)-1=2-1=1.

1
k
Inductive hypothesis: Assume ) i(i!) = (k + 1)! — 1 true for some k.

1

i

Inductive step:

k

= (i) 4k +1)(k+1)!
i=1

(k+1)!—1 by the TH

=(k+ 1) =1+ (k+1)(k+1)!

=+ D)1 +k+1)—1

= (k+2)(k+1) -1

—(k+2)!—-1 O
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2. Prove the following;:

(a) The sum of any three consecutive integers is divisible by 3.
n+n+1)+(n+2)=3n+3=3(n+3)= Iz € Zsuch that 3x =3(n+3) = 33(n+3) O

(b) For all integers a, b, and c, if a divides b and a divides ¢ then a divides b + c.
If alb = 3 r € Z such that ar = b. Similarly if alc = 3 s € Z such that as = ¢. Then
b+c=ar+as=a(r+s)= 3k €Z such that ak = bc = ala(r +s) O.

(c) Prove that there are no positive integer solutions to the equation 22 — y? = 1. Hint: use proof
by contradiction.
Assume there exists a positive integer solution. Then (x —y)(x +y) = 1. This implies that either
(i): (z—y) =1land (z+y) =1or (ii): (r—y) = —1 and (z+y) = —1. Adding the two equations in
(i) = 2z =2 =z =1= y = 0 and adding the two equations in (ii) 2r = -2 =2z =—-1=y =0.
In either case we have a contradiction since y =0 ¢ Z* [J.
3. Prove the following by induction. State base case, inductive hypothesis and inductive step explicitly.

(a) Forallm e Zt,n >3 = 2" <n!
Base case when n =4 :2% =16 > 4! = 24.
Inductive hypothesis: 2¢ < k! for some k > 3.
Inductive step:

2k+1:2x2k
<2 x k! by the TH
<(k+1)xk!(sincek>3=k+1>2) O

(b) Foralln € Zt,n >4 =n? < 2"
Base case when n = 5: 52 =25 < 25 = 32.
Inductive hypothesis: Assume k% < 2" for some k > 4.
Inductive step:

(k4+1)? =k +2k+1
< 2% 4+ 2k + 1 by the IH
< 2F 4 9k (since k >4 = 28 > 2k + 1)
:2]€+1 0

(c) For all n € N, 3|(T" —4)
Base case when n = 1: 3|(7' — 4).
Inductive hypothesis: Assume 3|(7* — 4) for some k.
Inductive step:
Rewording the IH: 3|(7% —4) = 3z € Z such that 3z = 7% —4 = 7% = 30 — 4.

TR 4 =7 x7F -4
= 7(3z — 4) — 4 by the IH
=21z —24
=3(7z —8) = 3|(7** —4) O

4. Verify whether the following functions define bijections.
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Figure 1: Visualizing the function f(z) = % There are two asymptotes at « = 1 and y = 1 which imply
that the function is not onto for ¥ = R.

(a) Let m # 0 and b be real numbers. Is the function f : R — R defined by f(z) = mz + b (i)
injective (ii) surjective and (iii) bijective? Prove or disprove.
Recall the definition of an injective function: Vz1,29 € X, f(z1) = f(x2) = x1 = x2. Applying
to our function: f(z1) = mz1 + b and f(z2) = maxa + b. Therefore f(z1) = f(z2) = mz1 +b =
mxe + b = mx1 = mxe = w1 = xo. Therefore f(z) is one-to-one.
Recall the definition of a surjective function: Yy € Y, 3z € X such that f(x) = y. Applying to
our function: y = mz +b =y — b = mx = = = v=b/m. Taking the image of x under f yields
f(x) =m(y=bm) + b=y —b+b=1y. Therefore f(x) is onto.

(b) Let S = {z € R: z # 1}. Is the function f : S — R defined by f(z) = ZE (i) injective (ii)
surjective and (iii) bijective? Prove or disprove.

f(xl):f(xz)?$l+1:x2+1
r1—1 ax9-—1
:>(x1+1)(x2—1):(xz—l—l)(xl—l)

= Tir9—T1+axs—1=x129 — T2+ 21 — 1

= 229 = 211

= T9 = X1

Therefore f(z) is one-to-one.
To check whether f(z) is surjective, we attempt to take the inverse:

r+1
-1
ylx—1)=z+1
yr—y=x+1

yr—x=y+1
z(y—1)=y+1

We would like to solve to x in terms of y, however the codomain R includes the number 1. We
therefore cannot divide by y — 1 since this operation is undefined. Hence it is not true that
Vy € Y, 3z € X such that f(z) =y. Therefore, f(x) is not surjective.
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5. Use the Euclidean Algorithm to find the greatest common divisor of 44 and 18. Use the Extended
Euclidean Algorithm to find the Bezout coefficients z,y and all integer solutions to the equation
44x + 18y = gcd(44, 18).

44=2x1848 =  8=44—2x18 (1)
18=2x 8+2 =  2=18-2x8 (2)
8=4x2+0 (3)

We can now back substitute, expressing each remainder as a linear combination of 44 and 18 starting
with Equation 2:

2=18—2x8
=18 — 2 x (44 — 2 x 18)
=5x18—2x 44

Therefore the Bezout coefficients are x = —2 and y = 5. Using the identity lem(a,b) = ab/gcd(a, b):

44 % 18 18 44
0 L Mx =18 % (4)

2 2 2
S 44X 9+18% —22=0 (5)

Multiply through by an integer k:

44 x 9k + 18 x =22k =0 (6)
Using Bezout’s identity:

A4% 2418 x5 =2 (7)

Adding the two identities in Equation 6 and Equation 7 yields an infinite set of solutions:
= 44(9k — 2) + 18(—22k + 5) = 2.
6. The Fermat numbers are defined as f(n) = 22" +1. Prove that for alln > 0, foi1 = fox fi XX fa+2.
Let’s work out the first few Fermat numbers:
fo=2"411=2"+1=3
f1=2211=224+1=5
fo=2 t1=2"+1=17
Base case when n=0: for1 = fi=5=fu=2=3+2.
Inductive hypothesis: Assume fr11 = fo X f1 X -+ X fr + 2 true for some k.

Inductive step:
Let’s rewrite the inductive hypothesis as follows to isolate the product (fofife- - fi) :

ferr = (fofifo- - fu) +2= fofife- - fe = for1 —2

fofife - fi)feer +2 = (frr1 — 2) fer1 + 2
=(fEs1 —2fr1+1)+1

(k+1_1) +1
:(2k+1 1)2+1
:2k+2+1
:f O]
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